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ABSTRACT
We consider the problem of multiclass clustering on dynamic
graphs. At each time instant, the proposed algorithm performs
local updates of the clusters in regions of nodes whose cluster affiliation is uncertain and may change. These local cluster updates are carried out through semi-supervised multiclass
total variation (TV) based clustering. The resulting optimization problem is shown to be directly connected to a minimum
cut and thus very well suited to capture local changes in the
cluster structure. We propose an ADMM based algorithm for
solving the TV minimization problem. Its per iteration complexity scales linearly with the number of edges present in
the local areas under change and linearly with the number of
clusters. We demonstrate the usefulness of our approach by
tracking several objects in a video with static background.
1. INTRODUCTION
Graph-based clustering is a powerful tool to identify communities in many real-world networks. Graphs are capable
of capturing network structures in a straightforward manner.
For example, in social networks the users can be represented
as nodes and friendship relations can be modelled via the
edges of a graph. Many networks evolve over time as users
leave/join the network and relations between individual users
may change. In such scenarios, the objects to be clustered are
observed at different moments in time and the aim is to obtain
accurate clustering results at each time instant [1, 2]. Clustering evolving networks raises new challenges and opens new
possibilities. For example, previous clustering results can be
used to reduce the computational complexity required for the
current state [3, 4]. Furthermore, a good clustering should
not only fit the current data well, but also not deviate too
much from recent clustering results. This observation motivated the incorporation of temporal smoothness into clustering algorithms [5–7]. The clustering algorithm, presented in
this paper, is based on the smoothness assumption that most
nodes preserve their cluster membership between two consecutive time instants, cf., the temporal smoothness definition
PCM in [6]. However, in contrast to [6] we do not incorporate temporal smoothness into our cost function, but rather
update only the cluster labels of nodes with uncertain cluster
affiliation. This leads to a significant reduction of the comFunding by WWTF Grant ICT15-119.

plexity of the clustering algorithm. The local cluster updates
are performed by semi-supervised TV based clustering. The
corresponding optimization problem is shown to be closely
related to a minimum cut problem and therefore an excellent
match for tracking local changes in the cluster structure. Furthermore, TV based clustering leads in general to much more
accurate clustering results than algorithms using the Laplacian quadratic form (such as spectral clustering) [8]. Furthermore, as shown in [9] our TV based clustering algorithm can
be extended to signed graphs without additional cost. Signed
graphs can capture besides similarity relations also dissimilarity relations like being blocked in a social network. The
inclusion of only a few dissimilarity edges can significantly
improve the clustering performance [9].
2. TV BASED DYNAMICAL CLUSTERING
Problem formulation
Consider a time-varying graph Gt = (V, Wt ), where V =
{1, . . . , N } is the node set and Wt is the weighted adjacency matrix at time instant t = 1, . . . , T . The non-negative
entry Wijt ≥ 0 captures the amount of similarity between
node i and j. We assume that the graph is undirected, i.e.,
W = WT . At each time instant t we aim S
for partitioning
K
t
( k=1 Vkt = V,
the node set V into K clusters V1t , . . . , VK
t
t
Vi ∩ Vj = ∅) such that nodes are more similar within clusters
than across clusters. We assume that between two consecutive time instances the graph undergoes significant changes
in only a limited area and remains largely unchanged otherwise. In such scenarios it is sufficient to update the clusters
only locally. As will be seen in Section 2, TV based clustering is directly connected to a minimum cut and therefore
predestined for carrying out those local updates.
Semi-supervised clustering
For most nodes the cluster affiliation is maintained from
the previous time instant to the next. This leads to a semisupervised clustering problem, i.e., clustering where groups
of nodes Lk ⊂ Vk , k = 1, . . . , K, are known a priori to
belong to cluster Vk . Most semi-supervised clustering approaches determine the clusters V1 , . . . , VK by solving a
relaxed (and regularized) version of the minimum cut prob-
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s.t.

Lk ⊂ Vk .

(1)

For the case of two clusters we can conveniently express the
cluster affiliation in terms of a label vector x ∈ {1, 2}N
with xi = 1 if node i belongs to cluster V1 and xi = 2
if node i belongs to cluster V2 . PLet L = D − W with
D = diag{d1 , . . . , dN }, di =
j Wij , denote the graph
Laplacian. Widely used relaxations (for the case of two clusters) are to replace the graphPcutPin (1) with the Laplacian
quadratic form xT Lx = 21 i j (xi − xj )2 Wij and the
hard
constraints Lk ⊂ Vk with penalization terms of the form
P P
2
k
i∈Lk (xi −k) [10–14]. However, a much tighter relaxP P
ation is obtained by the use of the TV kxkTV , i j |xi −
xj | Wij instead of the Laplacian quadratic form [8].
TV based semi-supervised clustering
For more than two classes, a label vector x ∈ {1, . . . , K}N ,
together with the above definition of the TV or the Laplacian
quadratic form, is no longer suitable for the approximation
of the minimum cut. The reason for this is that the magnitude of |xi − xj | and (xi − xj )2 depends on the cluster
indices the nodes belong to. This problem can be circumvented by representing the cluster affiliation by the binary
indicator matrix X ∈ {0, 1}N ×K with Xik = 1 if node i
belongs to cluster k and Xik = 0 otherwise. We denote by
xi the rows of X, i.e., X = (xT1 , . . . , xTN )T . The appropriate definition
P Pof the TV of a matrix X is then given by
kXkTV = i j kxi − xj k1 Wij [8]. We cluster the node
set based on the optimization problem [15, 16]
min kXkTV
X

s.t.

X ∈ Q,

(2)

with the constraint set
n
Q = X ∈ [0, 1]N ×K : xi = ek for i ∈ Lk ,
o
X
Xik = 1 for i = 1, . . . , N .
k

Here, ek denotes the kth standard unit vector. One can either use (preconditioned) primal dual methods (e.g., [17, 18])
or the closely related augmented ADMM [19] to calculate a
minimizer X̂ of (2) [9]. Node i is then assigned to the cluster
for which X̂ik is maximal. For the case of very few labeled
nodes, optimization problem (2) has to be augmented with
regularization terms to prevent label sets Lk to be separated
out as clusters [9, 15, 16]. It is well known that the total variation leads to a tighter relaxation of minimum cut problems
than the Laplacian quadratic form [8]. In Theorem 1 we prove
that for the case that a minimizer of (2) assigns each node to
exactly one cluster (each row of X̂ has an entry greater 21 ),
the induced partition is a solution of the minimum cut problem (1). Related results have been recently derived in [20,21].
A proof of Theorem 1 can be found in the Appendix.

Theorem 1. Let W be the weighted adjacency matrix of a
graph and let X̂ be a minimizer of the TV minimization problem (2). If each row of X̂ has an entry greater 12 , then the
partition (Vk = {i : X̂ik > X̂il for all l 6= k})K
k=1 of V is a
solution of the minimum cut problem (1).
Local cluster updates
We are now in the position to formulate Algorithm 1, updating the clusters locally based on information of the current
and previous time instant. Step 1 of Algorithm 1 determines
all edges which have changed significantly from time instant
t − 1 to t and step 2 determines the set Vc of nodes adjacent
to those edges. The number of operations required for step 1
scales linearly with |E t ∪ E t−1 |, where E t denotes the edge
set of the graph at time instant t (for (i, j) ∈
/ E t ∪ E t−1 we
have Wijt−1 − Wijt = 0). Step 3 determines the sets Ak of
nodes whose cluster assignment is possibly incorrect. Here
we used the sets of nodes whose attraction to its assigned
(t−1)
cluster Vk
is only slightly higher than the attraction to
one of the other clusters. E.g., in the case δ = 0, this yields
the nodes that are in the topological boundary of one of the
clusters. However, any other selection of the set of uncertain nodes is possible. Step 4 defines the set U of unlabelled
points as the union of the sets Ak and Vc , and step 5 defines
the sets Lk of the labelled points of cluster Vkt . In the final
step 6, the new clusters are determined by updating the unlabeled points U. Since all labelled points are kept constant,
the per-iteration complexity of the augmented ADMM solving (2) scales linearly with the number of edges adjacent to an
unlabelled point | ∪i∈U ∪j∈{m:Wim >0} {(i, j)}| and the number of clusters K, cf. [9]. We point to the fact that both, the
removal and the insertion of graph nodes can be handled by
our algorithm without additional effort. Inserted nodes just
have to be treated as unlabelled points. The disappearance
of a cluster also does not effect our algorithm. However, the
appearance of an additional cluster can not be handled with
the current version of our algorithm. For the time instant a
new cluster appears another (unsupervised) clustering algorithm has to be used. Thereafter, one can continue updating
according to Algorithm 1.
3. EXPERIMENTS
To verify this approach to be valid we use it to track the position of two balls in a video in front of a static background. For
that, each frame of the video is transformed into a graph by
treating each pixel as a node and connecting it with its neighbours. The weight of the edges is defined by the Gaussian
kernel


(
kI −I k2
kx −x k2
exp − i2σ2j 2 − i2σ2j 2 , kxi − xj k2 ≤ r,
x
I
Wi,j =
0,
otherwise,
where xi and xj are the positions of the i-th and j-th pixel
and I1 and I2 are the grayscale intensities. The parameters
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Algorithm 1 TV based cluster update
t−1
Input: Wt−1 , Wt , V1t−1 , . . . , VK
, ε ≥ 0, 0 ≤ δ < 1
t−1
t
1: Ec = {(i, j) : |Wij − Wij
| > ε}
S
2: Vc = (i,j)∈Ec {i, j}

P
t−1
t−1
3: Ak = i ∈ Vk
: ∃l with δ j∈Vk Wi,j
P
t−1
for k = 1, . . . , K
S < j∈Vl Wi,j
4: U = k Ak ∪ Vc
t−1
5: Lk = (V\U) ∩ Vk
for k = 1, . . . , K
t
6: Determine the new clusters V1t , . . . , VK
via (2) using
L1 , . . . , LK as label sets and Wt for the TV
t
Output: V1t , . . . , VK

In this paper, we considered the problem of clustering on
dynamic graphs. We presented a low complexity ADMM
based algorithm performing only local cluster updates via
semi-supervised TV minimization. A direct connection of
the optimization problem to a minimum cut was derived. In
our numerical experiments, we demonstrated the usefulness
of our approach via tracking objects in a video with static
background.
Appendix: Proof of Theorem 1
Let X̂ be a minimizer of (2) with each row having an entry
greater than 21 . For matrices X ∈ {0, 1}N ×K the induced
clusters Vk , {i : Xik = 1} fulfil
kXkTV =

K
X
X
k=1

σx , σI and r can be used to set the influence of the distance,
the grayscale intensities, and the maximum distance of pixels
that are connected, respectively. In √
our setup of the algorithm
we used σx = 5, σI = 35, and r = 2 and for the parameters
in step 2 and step 3 of Algorithm 1 we set ε = 0.5 and δ = 0.
δ = 0 gives a selection of possibly incorrect pixels which is
precisely the union of topological boundaries of all clusters.
As initial value for the labels, we manually assigned a label
to each pixel of the first frame.
Figure 1 shows the results of clustering for selected
frames of a video in which two balls collide. The first column
of images shows the starting position (top) of the balls and
the manually generated cluster assignment (bottom), the second image in this column is completely black as there were
no pixels for which a cluster assignment was calculated. In
the second column it can be seen that during a collision the
clusters do not join to a single cluster. The reason for this
can be seen in the image of updated pixels: For both balls
there are black spots in its interior, which means that there are
also samples of this cluster. In this frame there also appears
a tail at one of the balls which is a false result that appears
because the individual frames are blurry and so there are no
sharp edges that can be detected. Due to the selection of the
pixels that are updated in every step, this tail is corrected in
the following steps. In frame 12, directly after the collision,
it disconnects from the ball until it vanishes completely in
frame 22.
In all images in the second row there are several small
white spots which mean that the graph changed in this area.
Indeed the intensitiy of each pixel is disturbed by noise. Together with ε = 0.5 it is sufficient that the distance of the
intensities of two neighboring pixels changes from 0 to 7 to
cause a significant change in the graph. But as those spots
do not have interior points, they converge immediately to the
surrounding cluster and do not yield false results.

X


Wij .

(3)

i∈Vk j∈V\Vk

Consequently the minimum cut problem (1) is equivalent to
the TV minimization problem (2) restricted to matrices X ∈
{0, 1}N ×K . We now show that the matrix Y given by
(
1, if X̂ik > X̂il for all l 6= k,
Yik =
(4)
0, else,
has the same TV as X̂, and is therefore also a minimizer
of (2). Since (1) is equivalent to (2) for matrices X ∈
{0, 1}N ×K , the clusters induced by Y minimize (1) and the
theorem holds true.
Let S ∈ RN ×K be given by S = Y − X̂. Then, for ε > 0,
XXX
kX̂ ± εSkTV =
|X̂ik − X̂jk ± ε(Sik − Sjk )|Wij .
i

j

k

(5)
k
We set Akij = X̂ik − X̂jk and Bij
= Sik − Sjk . If |Akij | ≥
k
ε|Bij
|, then
(
|Akij

±

k
εBij
|

=

k
|Akij | ± ε|Bij
|,
k
k
|Aij | ∓ ε|Bij |,

k
Akij Bij
> 0,
k
k
Aij Bij < 0.

This in combination with (5) implies that
kX̂ ± εSkTV = kX̂kTV ± εC

(6)

for some constant C ∈ R. If X̂ik > 0 and X̂jk > 0 (or X̂ik <
0 and X̂jk < 0), then Sik = 1 − X̂ik and Sjk = 1 − X̂jk
(or Sik = −1 − X̂ik and Sjk = −1 − X̂jk ). Consequently
k
|Sik − Sjk | = |X̂ik − X̂jk | and |Akij | ≥ ε|Bij
| holds true
for ε = 1. If X̂ik < 0 and X̂jk > 0 (or vice versa), then
k
|X̂ik − X̂jk | > 0 and |Akij | ≥ ε|Bij
| holds true for ε ≤

|Ak
ij |
k |.
|Bij

We further note that X̂+εS ∈ Q for ε ∈ [−1, 1]. Since X̂ has
minimum TV the constant C in (6) has to be zero (otherwise

Fig. 1: Comparison of frames of the original video and the results of clustering. This comparison shows frame number 1, 11, 12

and 22 from left to right, respectively. The rows of images show the original frames, the pixels that have been updated in white
and the constant pixels in black, and the three resulting clusters in white, grey, and black from top to bottom, respectively.
either kX̂+εSkTV < kX̂kTV or kX̂−εSkTV < kX̂kTV ) and
we can add the matrix εS to the matrix X̂ without increasing
the TV. By successive addition of multiples of S to X̂ we
derive that kYkTV = kX̂kTV .
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