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Abstract—A notion of a directional uncertainty product (UP)
for multivariate periodic functions is introduced. It is a char-
acteristic of a localization for a signal along a fixed direction.

I. INTRODUCTION

A notion of uncertainty product (UP) is a sufficiently well-
studied object in harmonic analysis. Initially, it was introduced
for functions on the real line to measure a simultaneous
localization of a function and its Fourier transform [1]. The
essence of this quantification of localization is contained in
the Heisenberg uncertainty principle, which says that for
any appropriate function the UP cannot be smaller than a
positive absolute constant. Later, numerous versions of this
general principle were developed for different algebraic and
topological structures such as abstract locally compact groups,
high-dimensional spheres, etc. (see, e.g., [2], [3], [4]). For
more detailed information concerning this topic, we refer the
interested reader to surveys [5] and [6] and the references
therein.

In this paper we focus on the case of multivariate peri-
odic functions and multivariate discrete signals. For periodic
functions of one variable a notion of UP was introduced in
1985 by Breitenberger in [7]. The corresponding uncertainty
principle is also valid in this setup. One possible extension
of this notion to the case of multivariate periodic functions
was suggested by Goh and Goodman in [8] (see formula
(2)). However, this approach does not take into account the
main difference between periodic functions of one variable and
many variables, namely the localization of a function along
particular directions. The main contribution of this paper is
a new approach that allows to include the directionality into
the definition of the UP (see formula (3)). We compare these
two approaches and and discuss the differences in detail (see
also [9]). At the same time, both definitions fit into a more
general operator approach (see formula (1)). This approach
was established by Folland in [10] and was extended to two
normal or symmetric operators by Selig in [11] and Goh,
Micchelli in [12]. For several operators this approach was
generalized by Goh and Goodman in [8].

II. BASIC NOTATIONS AND DEFINITIONS

We use the standard multi-index notation. Let d € N, R
be the d-dimensional Euclidean space, {e;,1 < j < d} be the
standard basis in R, Z9 be the integer lattice in R?, T¢ = R/
74 be the d-dimensional torus. Let z = (21, ...,24)" and y =
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(y1,---,vaq)T be column vectors in R%. Then (x, ) := x1y; +
d

“t zaya, ||zl = (2, 2), = Zj:l

max; |z;|. We say that >y, if ; > y; forall j=1,...,d,

and we say that x > vy, if z > y and = # y. Further, Z¢ :=

{a € Z% : a > 0}, where 0 = (0,...,0) denotes the
origin in R%. For o = (a,...,aq)T € Z4, denote |a] :=
0 <0
a1 +-+ag. Forz eR, z, =4’ =5
x, x>0.

For a sufficiently smooth function f defined on 2 C R?
and a multi-index o € Z%, D> f denotes the derivative of

f of order « and D*f = o°lf ololf

Az T 9x1..025d
ej, we also use D% f = fj’-. The directional derivative of a
sufficiently smooth function f defined on 2 along a vector
L = (Ly,...,Lq) € R% is denoted by § 8f =>4 ;9L

j=1" a5 -
For a function f € Ly(T%) its norm is denoted by
[ flI3: = [pa|f(x)?dz. The Fourier series coefficients of a
function f € Ly(T9) are given by ¢ = cx(f) = ]?(k) =
Jpa f(z)e 2™ R®)dg, k € Z. The Sobolev space H'(T?)
consists of functions in Lo (T?) such that all its derivatives of
the first order are also in Ly(T%), which can be written as

. For a =

HY(TY) = f € Lo(T?) 2 > kP ler ()] < o0
kezd
Let H be a Hilbert space with inner product (-,-) and with

norm || - || := (-,-)*/2. Let A, B be two linear operators with

domains D(A), D(B) C H and ranges in H. The variance of

non-zero f € D(A) with respect to the operator A is defined
[(AS, f)

to be
Hf||2 H( - )f

. 2
= min |Af — af]"

We recall that a densely defined linear operator A in a Hilbert
space H is said to be symmetric if (Af,g) = (f, Ag) for
f,g € D(A). If additionally D(.A) = D(.A*), where A* is an
adjoint operator for A, then A is self-adjoint. We say that 4
is normal if A is closed, densely defined and if A* A = AA*.
For a normal operator A we have that D(A) = D(A*) and
JAF] = 4 | for any f € D(A).

The commutator of A and B is defined by [A, B] :=
BA with domain D(AB) (D(BA).
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Theorem 1: [8, Theorem 4.1] Let Aq,... A,, By,...B, be
symmetric or normal operators acting from a Hilbert space ‘H
into itself. Then for any non-zero f in D(A;B;) (" D(B,;A;),
j=1,.

N

2
<Y AL D AB ).
j=1 j=1

6]

We recall that for two operators .4, 13 on a Hilbert space

‘H, which are symmetric or normal, the uncertainty principle
was established by Selig in [11, Theorem 3.1] as

> 1145 B)1f. )]

A B NP < Aa(H)As(f)

for all non-zero f € D(AB)(D(BA).
If the commutator ([A;, B;]f, f) is non-zero for all j =
1,...,n, then the UP for f is defined as

(Zr a4 n) (Sim ABsL )
(S0 1045, B17. )

In this terms, the uncertainty principle says that UP(f) cannot
be smaller than <, for any appropriate function f.

The well-known Heisenberg UP for functions defined on the
real line fits in this operator approach, if n = 1, H = Lo(R)
and the two operators are as follows Af(z) = 2nzf(x),
Bf(z) = 57 g (x).

The Bre1tenberger UP is defined for periodic functions. In
this case, n = 1, H = Ly(T) and ATf(z) = e*™*f(z),
BT f(z) = &= df( ). The commutator is [AT, BT] = AT. Tt is
more convement for the Breitenberger UP to use the notions of
the angular and frequency variance. Since ||

UP(f) =

arm IFIBAAT D 1R N
var ) = AT B AR (|<ATf,f>|> -
oo ABTL)IESIE BTRA
=T TR

UPT(f) := var(f)var? (f).

It is known that the lower bound for UPT is not attained at
any function. But there exist sequences of functions such that
UPT tends to the optimal value % (see, e.g., [13]).

III. MAIN RESULTS

For the space L(T?) of multivariate periodic functions,
Goh and Goodman in [8] suggest to take the operators
as follows A;f(z) = ™% f(x), Bjf(z) = ﬁ%( )
7 = 1,...,d. Note that the domains of the operators are
N1 D(A;) = La(T%), N;_, D(B;) = H'(T?). Operators
A; are normal, B; are self-adjoint. The commutators for
f € HY(T?) are [A;, B,]f = A, f. The uncertainty principle
for these operators is stated as follows.

Theorem 2: For a function f € H'(T?), such that

(A f, f) # 0 for some j =1,...,d, the functional Ung'G(f)
is well-defined and

2
d
-21 <||f|{4rd - Zdefej@ )
d =
UPGG(f) = = i
<E Z ckeJ-Ck:>
=1 czd
d Z k2|ck|2 Z kj|ck|2 2 .
kezd kezd
27 2)
; 1£11 % 17112 T
where k = (ki,...,ka), cx = cp(f) are the Fourier

coefficients of f.
Defining the variances for f € H'(T%) as

d
1712 = ACAs )
p

varge(f) = p PR
(;K[Aj,lﬁj]f,fﬂ)
d
varb o (f) = ZA(BJaf)/”f”Td’

j=1
it can be shown, that the variances attain the value oo if and
only if (A;f, f) =0, for all j =1,...,d. In these cases, we
can also assign to UPGG( f) the value 00, except the following
case varL.(f) = 0 and vard.(f) = oc. This case happens
if and only if f is a monomial. Indeed, varf,(f) = 0 if
and only if A(B;,f) =0 for all j = 0,...,d, than implies
Bif = B;f for some §; € C, that is 3f = a; f for some

a; € C. Since f € H'(T?), it follows that f is a monomial.
However, in this case, i.e., varf, (f) = 0 and vari,(f) = oo,
inequality (1) takes the form 1/4 -0 < C - 0. It is trivially
true. Thus, inequality (1) is valid for all non-zero functions
f e HY(TY).

In fact, the above approach for the definition of the UP
does not deal with a new phenomenon, that appears in the
multidimensional case, namely, the localization of a function
along particular directions. We suggest an approach that allows
to include the directionality into the definition.

The directional UP for T¢ along a direction L € Z® (L # 0)
is defined using the operators

Apf(z) = BLi(@) = 5 o7 (@),

with domains D(Ar) = Lo(T9), D(Br) = H!(T?). Note
that Ay, is normal, BL is symmetric. The commutator for
f € D(.AL) ﬂD(BL) is [.AL,BL]f = |LH2ALf Thus, the
directional UP for a function f € D(Ar) N D(BL) such that
Apf # 0 is defined as

1 ( 1£1lza _1)(\IBLfI\%d_KBLf,f)lQ)
113 \[CALS, £)I? /1124 1£117a

1
AR

27r1<L x>f(.13), i 8.f

UPL (f) =

varf(f)varf(f),



where var7 () is the angular directional variance and varf (f)

is the frequency directional variance.
Theorem 3: For L € 74 and a function f € H*(T%), such

that (Arf, f) # 0O, the functional Uqud( f) is well-defined

and
2
( > |6k2>
kezd 1

d
UPL (f) =
t L] 2
> cr—rCr
kezd
S (L, k)2 |e]? S (Lo Kex?\ ?
kezd kezd > 1 3)
> Jex|? > Jex[? -4
kezd kezd

where ¢, = ci(f) are the Fourier coefficients of f.
The statement easily follows from the operator approach and

ALf Z Ch_ Le%rl(k L)
kezd
Brf(x) ==Y (L, k)ere® o),
kezd

It can be shown, that the directional variances attain the
value oo if and only if (AL f, f) = 0. In this case, we can also
assign to UP%d( f) the value oo, except the following case
varf' (f) = 0 and var{(f) = oo. However in this case, (1)
is trivially satisfied (0 < 0), so inequality (1) is valid for
operators Ay, and By, for all non-zero functions f € H'(T?).

In contrast to the Breitenberger UP and to the UP defined
by Goh and Goodman, the optimal function exists for the di-

rectional UP. Indeed, let a(f) = ﬁ%ﬂ and b(f) = <[T|Lf’|c|’2f>.
2

Since By, is self-adjoint, b(f) is real. Due to Theorem 3.1

in [11] the equality for the uncertainty principle is attained if

and only if there exist A € C such that

(BL = b())f = MAL — a(f)f = =AAL — a())]-

The second identity yields

f(x) ()\ezfri@,x) F e 2 ()N — X@)
= 2f (@) (Re(e’™7)) — Re(a(f)N)

This condition can be satisfied only if f = 0 or A = 0. For
the second case, we get (B, — b(f))f = 0 or ﬁ%(m) =
b(f)f(x). If %(m) = 0, then comparing Fourier coefficients
we conclude that f is a monomial, i.e. f(z) = Ce?™{k€),
Recall that for monomials the directional UP is not defined. If
g—{(z) =0, then b(f) = 0, and the equation (B, —b(f))f =0
holds. The general solution of the equation g—{(x) =0 is the
function f(z) = ®(Loxy — Lixo, L3z — Loxs, ..., Logzrg—1—
Lg_1x4), where ®(z) is a differentiable function.

Let us compare the UP defined by Goh and Goodman and
the directional UP. They are not equivalent. The next lemma
gives a pair of examples where the UP’s behave differently.

Lemma 1: Let L € 7.

0.

1) Suppose pn(z) = (1 + cos2m(L,x))" + 2cos 2wz,
where |L;| > 1 for all j = 1,...,d, and if d = 1, then
L is not collinear to e;. Then

d
1 UPeq(pn)  dlIL]?
4’ n 4n 32
2) Suppose fn(:c) = (1 4 cos2mx1)™ + 2cos2n(L,x),
where |L;| > 1 for all j =1,...,d, and if d = 1, then
L is not collinear to e;. Then
UPL (f) L} UPGG() |
n 4n 32| L)%’ n 4
Proof. Let us prove item 1). For convenience, we will
use the notation p,(z) = (1 + cos2m(L,x))". Denote

I, = / pn(z)dx. Since p,(z) = 2" cos®™(mw (L)) =
Td

UPL, (Bn) —

n — OQ.

- 4 0 o — 1)!!
9—n (ewz(L,w> + e—wz<L,w))2 it follows that I,, = #
Then (4 ! "
~ 2 9 - n — I
Hpnll’ﬂ‘d - Hpn”']l‘d +2= (2n)! +2,
<AL5n;5n> = <-/4mepn> = 127L+1 - 1271’

Brpn(z) = —i||L||*>n(1 + cos(2n (L, z)))" ! sin(2n(L, x))
—2iLq sin 27w,
||BLﬁTLH’2[[‘d = ’/l2||L||4(2]2n—1 — 1271) + 2L?

Since p,, is even and Brp, is odd we get (Brp,,pn) = 0.

Therefore,
an—1)N 2 n
N B e +2) RV
L \Pn)= ||L||4 on (4n—1)! (4n— 1>n+2
( (2n +1>|> (2n)!
(2n)!(2n+1) (2n)! 1
_ n? (14—24725477T7> (24—2(4n I _'2n+1)
T (@2n+1)(dn—1) < on )2
2n+1
L? (2n)!(4n—1)
L+ 205 2@
2n)! :
1+2(4(n )1)H

By the Stirling formula n! = v2mn (2)" (1 + O(1/n)), i
1

follows that (2&)72(_2T)+”1) — 2“;(21”+O( ) 0, n — oo.

Therefore, UPEd (Pn)

Now, we compute UPgLG(’an). Let ¢, = ¢i(pn) be the
Fourier coefficients of p,,. Then

— 1\
f= [ Fuloyia = [ pu(@)de = 1, = 2R
Td Td n.

1
_>Z’ n — oo.

(AjPn,Pn) = Y Chc,Ck = 0;1(CeyCo + Cole,)
kezd
o2n —1
—25]1w forj=1,...,d.
Further,

B;pn () = —iL;n(1 + cos(2m (L, z)))" * sin(2m (L, x))



—215j’1 sin 27T.”L'1.
Therefore, ||B;pn 3¢ = n°L3(2I2p—1 — I2n) + 26;,1. Since
Dn, is even and B;p, is odd, we get (B;p,,p,) = 0. Hence,
d

combining all results in the definition of UPEG (pn) (2) and
after some simplifications, we obtain

md .~ n?|L|?
UPGa(pn) = n—1)
d<(4n71)!! o, )274 1+Wﬁﬁ_m
(2n)!  (2n—1)! (2n — 1N 142 (4("2:”)1!)“ ’
/ 1
By the Stirling formula - 4(712:1)1!)” = 2”"(21;0(5)) — 0 as
1
n — oo and (2n’i!1)” = \/ﬁu;O(;)) — 0 as n — oo.
Thus, %#‘1)” = 2—\/5(1 + O(2)) as n — oco. Finally,
a’
it follows that UP%Z,EP") — d”?é”2 as n — oo.

Item 2) can be proved analogously. By similar arguments it
can be shown that

(4n—D!1\ 2 (2n)! 2
UPTd (? ) o 1 (n2n)' (1 + 2(4n71)!!> -1
L A\m/) = || L[4 (2n—1)! 4
n!
2n—1)!
L3/2+ 2| LI an2
(2n)! _
L+ 2= dn—1

and

4 - 2n 41 (2n)!  2n4+1\2
UPLG(tn) = [ d 2 -1
Galtn) < ( m (An -1 2n )

n —1)!
2 +2/L]? ((f:—sl))u 2n

- .
1"'2(4(5?)1')!! dn—1

The Stirling formula yields Item 2).0

Consider several cases which are excluded in Lemma 1 and
the behavior of UP’s. If in item 1) L is collinear to e, then L
is not collinear to e and functionals UPT and UPTCF;G for a
sequence of trigonometric polynomials (1 + cos 2w (L, z))™ +
2 cos 2wz, n € N, have the same behavior as in item 1). Next,
suppose L is not collinear to ey, but L; = 1 for some ¢. It is
more hard to deal with all cases analytically, but for d = 2
the behavior can be caught numerically. If L = (1,1), then

Td ~
the behavior is the same, but Upfj#&p”) tends to a different

constant. If L = (0,1), then UP] (p,) again tends to 1/4
d

and UPL(Pn) grows linearly (not exponentially as in item

1)). Two latter cases are plotted in Fig. 1, 1st row.

Now, consider item 2). When L = (1, 1), numerically the

behavior is the same as in Lemma 1. However, if L = (1,0),
d ~ d o~

then UP] (t,) tends to 1/4 and UPL(f,) has the same

behavior as in item 2). If L = (0, 1) both UP’s grow linearly.

Two latter cases are plotted in Fig. 1, 2nd row.
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Fig. 1. Horizontal axis indicates the order n of a polynomial. Vertical axis
indicgtes values of UP’s. Left scale on a vertical axis and blue colgjr is for

UP% “-case, right scale on a vertical axis and purple color is for UPgé-case,

d = 2. Top, left: L = (1,1), UPEd (Bn). UPgdG(f)n)/(n - 4™). Top, right:
L = (0,1), UPT (5n), UPL, (5n). Bottom, left: L = (1,0), UPT" (£,),
UPLy, (£n). Bottom, right: L = (0,1), UPT’ (£,), UPLy, ().
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