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Abstract—Diffusion maps are a commonly used kernel-based
method for manifold learning, which can reveal intrinsic structures in data and embed them in low dimensions. However,
as with most kernel methods, its implementation requires a
heavy computational load, reaching up to cubic complexity in
the number of data points. This limits its usability in modern
data analysis. Here, we present a new approach to computing the
diffusion geometry, and related embeddings, from a compressed
diffusion process between data regions rather than data points.
Our construction is based on an adaptation of the previously
proposed measure-based Gaussian correlation (MGC) kernel that
robustly captures the local geometry around data points. We
use this MGC kernel to efficiently compress diffusion relations
from pointwise to data region resolution. Finally, a spectral
embedding of the data regions provides coordinates that are
used to interpolate and approximate the pointwise diffusion map
embedding of data. We analyze theoretical connections between
our construction and the original diffusion geometry of diffusion
maps, and demonstrate the utility of our method in analyzing
big datasets, where it outperforms competing approaches.

I. I NTRODUCTION
Manifold learning approaches are often used for modeling
and uncovering intrinsic low dimensional structure in high
dimensional data (e.g., in genomics [7]). Diffusion maps [3],
in particular, are a popular method that capture data manifolds
with random walks that propagate through nonlinear pathways
in the data. Transition probabilities of a Markovian diffusion
process define an intrinsic diffusion distance metric that is
amenable to low dimensional embedding. Indeed, by arranging
transition probabilities in a row-stochastic diffusion operator,
and taking its leading eigenvalues and eigenvectors, one can
derive a small set of coordinates where diffusion distances are
approximated as Euclidean distances, and intrinsic manifold
structures are revealed.
While the embedding provided by diffusion maps is useful
for data analysis, it is also challenging to apply to modern “big
data” settings due to scalability issues. As is often the case
with kernel methods, diffusion maps require the computation
of pointwise transition probabilities, which is computationally
quadratic in the size of the data, and an eigendecomposition
which is cubic if all eigenvectors are computed. Here, we show
that one can reduce the computational cost significantly by
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only considering transition probabilities between data regions,
which can be efficiently computed from a compressed affinity
kernel over a fixed-size partition of the data. Our construction
is based on coarse-graining a measure-based kernel [1], [2]
with an inverse-density measure, which was recently introduced in [5] for geometry-based data generation and uniform
resampling of data manifolds. Here we extend the uses of
this kernel to provide efficient implementation and application
of diffusion maps by first embedding data regions, and then
interpolating the pointwise embedding from their diffusion
coordinates.
The main contributions of this work are as follows. On the
theoretical side, we further establish the relations between the
original diffusion framework from [3] and the construction
in [5], both at a pointwise and compressed (i.e., data-region)
level. On the practical side, we suggest a novel partitioning
method, the results of which indicate significant speedups in
the computation of the diffusion embedding, which outperform
other approaches, and enables the application of diffusionbased manifold learning well beyond the data sizes traditionally used with kernel methods.
II. P ROBLEM SETUP
A. Preliminaries
m
Let M ⊆
be a compact d dimensional manifold
m
immersed in the ambient space
, where d ≪ m, which
represents the intrinsic geometry of data sampled from it.
For simplicity, the integration notation ∫ ⋅ dy in this paper
will refer to the Lebesgue integral ∫M ⋅ dy over the manifold,
n
instead of the whole space
. Further, while (for simplicity)
such integrals are written without a specific measure one
can equivalently, w.l.o.g., replace dx with an appropriate
measure representing data sampling distribution over M. Let
2
g(x, y) ≜ exp (−∥x − y∥ /ε), x, y ∈ M, ε > 0, define
the Gaussian kernel Gf (x) = ∫ g(x, y)f (y)dy used in [3]
to capture local neighborhoods from data sampled from M.
Following [3] and related work, we define the Gaussian degree
q(x) = ∥g(x, ⋅)∥1 = ∫ g(x, y)dy and assume it provides a
suitable approximation of the distribution (or local density)
of data over the manifold M. Finally, given a measure µ
over the manifold, an MGC kernel [1], [2] is defined as
kµ (x, y) = ∫ g(x, r)g(y, r)dµ(r). Note that while we use a
Gaussian kernel for the remainder of this work, the definitions
and theorems to follow do not depend on the choice of g, so
long as it is a kernel function.
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