Analysis of Shearlet Coorbit Spaces in arbitrary
Dimensions using Coarse Geometry
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Abstract—In order to analyze anisotropic information of sig-
nals, the shearlet transform has been introduced as class of
directionally selective wavelet transforms. One way of describ-
ing the approximation-theoretic properties of such generalized
wavelet systems relies on coorbit spaces, i.e., spaces defined
in terms of sparsity properties with respect to the system. In
higher dimensions, there are several distinct possibilities for the
definition of shearlet systems, and their approximation-theoretic
properties are currently not well-understood.

In this note, we investigate shearlet systems in higher dimen-
sions derived from two particular classes of shearlet groups, the
standard shearlet group and the Toeplitz shearlet group. We want
to show that different groups lead to different approximation
theories. The analysis of the associated coorbit spaces relies on an
alternative description via decomposition spaces that was recently
established.

For a shearlet group, this identification is based on a covering
of the associated dual orbit induced by the shearlet group. The
geometry of the sets in this covering is the determining factor
for the associated decomposition space. We will see that the orbit
can be equipped with a metric structure that encodes essential
properties of this covering. The orbit map then allows to compare
the geometric properties of coverings induced by different groups
without the need to explicitly compute the respective coverings,
which gets increasingly difficult for higher dimensions.

This argument relies on a rigidity theorem which states that
geometrically incompatible coverings lead to different decompo-
sition spaces in almost all cases.

I. INTRODUCTION

The original shearlet group G was introduced in [1] as the
semidirect product R? x H, where

H:{i(% alb/2>:a>0,beR}.

G acts by translations and dilations on the Hilbert space
L2(R?). This action, applied to a suitably chosen mother
shearlet, gives rise to a shearlet system, and an associated
shearlet transform.

The main motivation for introducing shearlet systems was
that the anisotropic scaling inherent in the dilation group
gave rise to shearlet systems whose approximation-theoretic
properties improved significantly on the classical wavelets
based on isotropic scaling. It was shown in [1] that the
coorbit theory of Feichtinger and Grochenig also applies to the
shearlet group, thus allowing to consistently define smoothness
spaces in terms of their shearlet coefficient decay.
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Extensions to higher dimensions soon followed [2], retain-
ing the features of the two-dimensional examples; specifically,
coorbit theory also applies to the higher-dimensional shearlet
systems. However, through [3] and subsequently [4], [5], it
became clear that as the dimension increases, the number of
shearlet groups that may be employed rapidly grows. In this
note, we are particularly interested in the standard shearlet
groups H* defined by

a bl bd,1
aM 0... 0 a>0,
€ . b; € R,
' 0 e e {+1}
qrd—1

for A = (A,...,Aq_1) € R4L (cf. Example 17 in [5]) and
the Toeplitz shearlet groups H° defined by
a b by bg—1
al=? bla_6 bdfga_é 0> 0,
€ b; € R,
bra—@-25 || €€ {£1}
ql—(d=1)s

for 6 € R in d > 2 dimensions (cf. Example 18 in [5]).

It is not obvious whether two different groups taken from
these families necessarily define different coorbit spaces; there
exist wavelet systems arising from different dilation groups
that have the same coorbit spaces up to suitable identification
([6]). In this note, we completely clarify this question, using
recent results from the theory of decomposition spaces.

Section II contains the basic definitions regarding gener-
alized wavelet transforms. We then introduce in Section III
and IV coorbit spaces and decomposition spaces and explain
how the former can be viewed as a special case of the
latter. This identification allows us to employ decomposition
space methods in order to compare coorbit spaces associated
to different shearlet groups. This comparison is based on a
rigidity result whose application in our setting boils down to
the study of certain coverings. In Section V, we equip the orbit
and the group with metrics that encode geometric information
about the relation of the associated coverings and in Section



VI we apply a coarse geometric viewpoint, showing that each
shearlet dilation group of these two classes gives rise to a
different scale of coorbit spaces.

II. WAVELET TRANSFORMS IN HIGHER DIMENSIONS

For a closed matrix group H < GL(RY) let G :=
R? x H be the group of affine mappings generated by H
and translations. The group multiplication in G is given by
(z,h)(y,9) = (x + hy, hg) and a left Haar measure on G
is d(x,h) = |det(h)|~'dxdh, where dh denotes a left Haar
measure on H.

The group G acts unitarily on L?(R?) through the quasi-
regular representation

[m (2, 1) f1(y) = | det(R)| /2 f (k™1 (y — )

for f € L2(R%). In the following, we assume that H is chosen
from the above list of subgroups of GL(R?). As a consequence
(see e.g. [4]), 7 is irreducible and square-integrable, in which
case we call the group H admissible. Admissibility of H is
connected to the existence of some & € R? such that the
dual orbit H-T¢ =: O c R? is open with a complement of
measure 0 (cf. [6]).

Then, after choosing a wavelet ¢ € L2(R¢) the associated
wavelet transform of f € L2(R9) is defined as

Wy f i (x,h) — (f, m(x, h)Y).

For a suitable v, the mapping f — W, f is a scalar multiple
of an isometry from L2(R?) to L2(G), which gives rise to the
(weak-sense) inversion formula

f = Clw /G Wy f (@, h)m(z, h)d(z, h) |

for some Cy > 0, ie., each f € LQ(Rd) is a continuous
superposition of the wavelet system.

III. COORBIT SPACES

Coorbit spaces are defined in terms of decay behaviour of
the generalized wavelet transform. To give a precise definition,
we introduce weighted mixed L”-spaces on G, denoted by
LP%(@G) . By definition, this space is the set of functions

{f:G=C:|fllgs <oo},

) P qp
flier = [ ([ 1o npas) s

This definition is valid for 0 < p, ¢ < oo, for p = co or ¢ = oo
the essential supremum has to be taken at the appropriate place
instead. The function v : G — R>C is a weight function
that fulfills the condition v(ghk) < vo(g)v(h)ve(k) for some
submultiplicative weight vg. Thus the expression ||[Wy, f||1p.a
can be read as a measure of wavelet coefficient decay of f.
We will exclusively consider weights which only depend on
H. The coorbit space Co (LE9(R% x H)) is then defined as
the space

where

{reon) wurewuzi )} M

for some suitable wavelet ¢) and a control weight w of L2:2(QG)
on H in the sense of [7] (4.10). The space (H. )™ denotes the
space of antilinear functionals on

Hoy o= {f e L*(RY) : Wy f € LL(G)}

and W(Y") for a function space Y on G denotes the Wiener
amalgam space defined by Wo(Y) := {f € L2 (G)| Mo f €
Y'} with quasi-norm || f|[w, vy = [ Mqflly for f € Wo(Y),
where the maximal function Mg f for some suitable unit
neighborhood Q@ C G is Mgof : G — [0,0], = +—
ess sup,c,q | F(y)-

The appearance of the Wiener amalgam space in (1) is nec-
essary to guarantee consistently defined quasi-Banach spaces
in the case {p,q} N (0,1) # O, see [8] and [9]. In the classical
coorbit theory for Banach spaces, which was developed in [7],
[10], the Wiener amalgam space is replaced by LP:9(G) and
this change leads to the same space for p,q > 1, see [8].

Many useful properties of these spaces are known and hold
in the quasi-Banach space case as well as in the Banach
space case. The most prominent examples of coorbit spaces
associated to generalized wavelet transforms are the homoge-
neous Besov spaces and the modulation spaces. However, each
shearlet group gives rise to its scale of coorbit spaces, as well;
see [3],[11], and [12].

IV. DECOMPOSITION SPACES

The starting point for the definition of decomposition spaces
is the notion of an admissible covering Q = (Q;);cs of some
open set O C R? (cf. [13]) which is a family of nonempty
sets such that

i) U;e; @i = O and
il) sup;e; {7 €1:QiNQ; # 0} < o0,
where |A| denotes the number of elements in the set A.

The main tool for the localization is a special partition of
unity ® = (p;);er subordinate to Q, also called LP-BAPU
(bounded admissible partition of unity), with the following
properties

i) p, €CX(0) Viel,

i) D, pi(x)=1 Ve eO,

iii) p;(z) =0 forz € R4\ Q; and i € I,

iv) if 1 < p < oo sup;e; [|[F1pifls < oo

if0<p<1: supc; |det(Ti)|%_1||f’1<pi|\Lp < 00,

where we have to further assume in the case 0 < p < 1
that the covering Q has the structure Q; = T;Q + b; with
T; € GL(R?), b; € R? and an open, precompact set Q (Q is
then called a structured admissible covering). The definition
of decomposition spaces requires one last ingredient, namely a
weight (u;);er such that there exists C' > 0 with u; < Cu; for
alli,j € I:Q;NQ; # 0, a weight with this property is also
called Q-moderate. The interpretation of this property is that
the value of (u;);ecs is comparable for indices corresponding
to sets which are “’close” to each other. Finally, we define the
decomposition space with respect to the covering Q and the
weight (u;);c; with integrability exponents 0 < p,q < oo as

D(Q7Lp7£:i) = {f € D/(O) : Hf”D(Q,LP,EZ) < OO}



for

L —1
Hf“'D(Q,Lp,@Z) = H(’U,Z . H.F (Soif)”LP(Rd))ie] ¢a(D) .

As the notation suggests, the decomposition spaces are inde-
pendent of the precise choice of ® ([9] Corollary 3.4.11).

In order to describe coorbit spaces as decomposition spaces,
we need to associate a covering of the frequencies to a given
dilation group. This is done using the dual action

HxR?> (h,&)— h~T¢.

In the case of the shearlet groups studied here, the set O =
R* x R41 i the orbit of the dual action, on which H acts
freely. Le., for & = (1,0,...,0)7, the orbit map pg, : H —
O, h = h~ T, is bijective. We then pick a well-spread family
in H, i.e. a family of elements (h;);c; with the properties

i) there exists a relatively compact neighborhood U C H of

the identity such that | J;.; h;U = H and
i) there exists a neighborhood V' C H of the identity such
that b,V N h;V =0 for i # j.
The dual covering induced by H is then given by the family
Q = (Qi)ier, where Q; = pg,(h;U). It can be shown
that well-spread families always exist, and that the induced
covering is indeed an admissible covering in the sense of
decomposition space theory, for which L?-BAPUs exist [9].
Furthermore, there always exist induced coverings consisting
of open and connected sets, which we call induced connected
coverings, see [14] Corollary 2.5.9.

There always exists a discretization of the weight v, i.e.
an associated weight on the index set I, which enables a
decomposition space description of the coorbit space.

Theorem 4.1 ([9] Theorem 4.6.3): Let Q be a covering of
the dual orbit O induced by H, 0 < p,q < oo and v = (u;)ier
a suitable (discrete) weight on I associated to v, then the
Fourier transform F : Co (LE9(R% x H)) — D(Q,LP, ¢4)
is an isomorphism of (quasi-) Banach spaces.

Definition 4.2: We call two coorbit spaces equivalent if they
are isomorphic to the same decomposition space via F.

In the last part of this section, we state a result that gives
necessary conditions for the equality of two decomposition
spaces in terms of their ingredients (p, ¢, u, Q). First, we have
to introduce for two coverings P = (P}) cs and Q = (Q;)icr
of the same set O and ¢ € I, j € J the notion of intersection
sets, given by I; :={i € I : Q; N P; # 0} and J; := {j €
J: Qz N Pj 7£ (Z)}

Definition 4.3: With the notation above, we say that the
coverings are weakly equivalent if sup;c;|I;] < oo and
sup;ey |Ji] < oo.

Now we can formulate the following rigidity result.

Theorem 4.4 ([15] Theorem 6.9): Let O be an open set,
0 < p1,p2,q1,q2 < oo and assume that Q = (Q;);cs and
P = (P;)jes are admissible coverings consisting of open sets
of O for which there exist an LP*-BAPU and an LP2-BAPU,
respectively. Furthermore, let u = (u;);c; be Q-moderate and
@ = (@;)es be P-moderate weights. If

D(Q, L7, L3 (1)) =D (P, L7, L3 (J])) @)

holds with equivalent (quasi-) norms, then we have

1) p1 =p2 and q1 = qo,

ii) in the case (p1,q1) # (2,2) the coverings P,Q are
weakly equivalent.

The pertinent condition in our setting is ii) because it allows
to conclude that two decomposition spaces are nonequivalent
by studying the relation of the induced coverings of their
associated groups. This theorem has a partial converse (cf.
Theorem 6.11 [15]).

V. COARSE GEOMETRIC STRUCTURE ON DUAL ORBIT
AND DILATION GROUP

In contrast to topology, where the small scale properties
of a space are decisive, coarse geometry, also called coarse
topology, puts special focus on the large-scale properties.
It turns out that this perspective facilitates the study of
weak equivalence of induced coverings. We say a map f :
(X,dx) — (Y, dy) between metric spaces is a quasi-isometry
([16]) if there exist a,b > 0 such that

b~dx (2,y) —a < dy(f(2), f(y) < bdx(z,y) +a

for all z,y € X. Quasi-isometric maps preserve the coarse
structure of a metric space.

Let © = (Q;)icr be a covering of the dual orbit O. For
z,y € O, we say x and y are connected by a Q-chain (of
length m) if there exist QQ1,...,Q,, € Q such that z € @1,
Y € Qm and Qp N Qpy1 # O forall k € {1,...,m — 1}
([14] Definition 5.2.1). This allows us to define a metric on
O associated to a covering via

do(x,y) = inf {m eN

for x # y and dg(x,z) = 0 ([14] Definition 5.2.2). Weak
equivalence of coverings of the dual orbit can be checked
by investigating whether a specific map is a quasi-isometry,
as was already remarked by Feichtinger and Grobner in [13]
Theorem 3.8 in a similar setting.

Theorem 5.1 ([14] Theorem 5.2.6): Let Q and P be in-
duced connected coverings of O. The following statements
are equivalent:

i) The coverings Q and P are weakly equivalent.

ii) The map idg(@,dg) — (0,dp), * — x is a quasi-
isometry.

x,y are connected by a
Q-chain of length m

Weak equivalence of induced coverings can be connected
to the study of metric properties of a certain map between
the inducing groups. To this end, we equip a group H with a
variant of the word metric associated to a unit neighborhood
W C H defined by dw (z,y) = inf {m € Njz"'y € W™}
for z # y and dw (x,x) := 0. In the next section, we show
how to gain insights from this metric through Theorem 6.3.

VI. COMPARISON OF SHEARLET COORBIT SPACES IN
HIGHER DIMENSIONS
In this section, let Hy, Hy € {H*} U {H’} C R? with
H, # Hs. Let W C Hy; and V C H> be two relatively com-
pact, connected, symmetric unit neighborhoods. Furthermore,



let @ = (h; "Q)ies and P = (g; " P),c; be two induced
connected coverings by H; and Hs, respectively. For some
& € @ and & € P, denote the associated orbit maps by

i (Hi,dw) — (0,dg), h v h™Téy
pe: (Hyydy) = (O,dp),hs b 76,

Lastly, define the map idg :(0,dg) = (0,dp),z — x.

Definition 6.1 ([14] Definition 2.6.10): We call H; and Ho
coorbit equivalent if all induced coverings of these groups are
weakly equivalent.
The mentioned converse of Theorem 4.4 implies that coorbit
equivalent groups give rise to equivalent coorbit spaces. In
order to make use of the coarse geometric viewpoint, the
following feature of the orbit map is pivotal.

Theorem 6.2 ([14] Theorem 5.4.12): The orbit maps
pg Y pg2 are quasi-isometries.

-1
Denote by (pg 2) an arbitrary right inverse of pg 2 (there

H>

exists at least one since De, is surjective). As an inverse of

a quasi-isometry, the map (ng) ' is itself a quasi-isometry.
With these preparations, we can state the main theorem of this
section.

Theorem 6.3 ([14] Theorem 5.4.13): The following state-
ments are equivalent:

i) H; and Hs are coorbit equivalent.
ii) The map ¢ := (pg2)_1 oidh o pl ¢ (Hydw) —
(Ha,dy) is a quasi-isometry.
We can apply Theorem 6.3 in the following way to the
distinct shearlet Groups H; and Hs:

1) Take relatively compact, connected, symmetric unit neigh-
borhoods W C H;,V C Hs with the property that certain
left shifts of W and V tile H; and H,, respectively.

2) Determine sequences (hy,)nen and (h),)nen in Hy such
that i, 'hy, € W for all n € N but (¢(hn) ' o(h1,)),
is not relatively compact in H;. One way to establish
this property is by showing that one entry in the matrix
(¢(hn)~'¢(h1,)),, oy is unbounded. Note, that we do not
need to know all entries of the matrices ¢(h,,) ! and ¢(h),)
to accomplish this. The choice of these sequences is based
on a thorough study of the neighborhoods in step 1).

3) Since this implies dw (hp,h,) < 1 for all n € N and
dy (¢(hn), (h')) 2= o0, the map ¢ cannot be a quasi-
isometry. Hence, the groups H; and H, are not coorbit
equivalent, according to Theorem 6.3.

By following these steps, we get the next corollary, which
together with theorem 4.4 implies that distinct members of the
two classes of shearlet groups we consider lead to nonequiv-
alent coorbit spaces in almost all cases.

Corollary 6.4 ([14] Corollary 5.5.1, 5.5.2, 5.5.3): If Hy, H
are standard or Toeplitz shearlet groups with H; # Ho,
then H; and H, are not coorbit equivalent (in the sense of
Definition 6.1).

VII. CONCLUSION

The isomorphism between decomposition spaces and other
function spaces provides a new way to examine their properties
as depicted in this note for the class of shearlet coorbit spaces
in arbitrary dimension. By using this decomposition space
viewpoint it becomes clear that one distinguishing feature of
shearlet groups is the way in which the dual action induces a
covering of the dual orbit.
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