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Abstract—In this paper we consider the problem of
recovery of a burst-like forcing term in the framework
of dynamical sampling. We introduce the notion of a
sensing limit of a collection of samples with respect to
a semigroup and indicate its fundamental role in the
solvability of the problem.

I. INTRODUCTION

In this paper, we consider the problem of recovering

an unknown source term f = f(x, t) from space-

time samples {u(xi, tk)} of a function u = u(x, t)

that evolves in time due to the action of a known

evolution operator A and the forcing function f . The

variable x ∈ Rd is the “spatial” variable, while t ∈ R+

represents time. For each fixed t, u(·, t) can be viewed

as a vector u(t) in a Hilbert space H. With this

identification we get the following abstract initial value

problem: u̇(t) = Au(t) + f(t)

u(0) = 0,
(1)

Above u̇ : R+ → H is the time derivative of u, f :

R+ → H, and A : D(A) ⊆ H → H is a generator

of a strongly continuous semigroup T . Recall that a

strongly continuous semigroup is a map T : R+ →
B(H) (where B(H) is the space of all bounded linear

operators on H), which satisfies

1) T (0) = I ,

2) T (t+ s) = T (t)T (s) for all t, s ≥ 0, and

3) ‖T (t)h− h‖ → 0 as t→ 0 for all h ∈ H.

The operator A is said to be a generator of the

semigroup T if, given

D(A) = {h ∈ H : lim
t→0+

1

t
(T (t)h− h) exists},

then A satisfies

Ah = lim
t→0+

1

t
(T (t)h− h), h ∈ D(A).

The semigroup T is said to be uniformly continuous

if ‖T (t)− I‖ → 0 as t→ 0. In this case, D(A) = H.

A prototypical example is A = ∆ – the Laplacian

operator on Euclidean space. For this case, f represents

the unknown “heat source” that we seek to recover

from the space-time samples of the temperature u. In

this paper, we only consider “burst-like” forcing terms

of the form

f(t) =

N∑
i=1

fiδ(t− ti), (2)

for some unknown N ∈ N, with 0 ≤ t1 < t2 . . . <

tN < tN+1 = L and fi ∈ V , where V is a subspace

of H and δ is the Dirac delta-function.

This work was motivated by the problem of isolating

localized source terms considered in [6], [7].

II. PROBLEM STATEMENT

With the notation given in the introduction, the

problem studied in this paper can be stated as follows.

Problem 2.1: Find the conditions on a semigroup T ,

a countable set G ⊂ H, and a number L ∈ R+ that

allow one to (stably) recover any f of the form (2)



from the set of samples

{〈u(t), g〉 : g ∈ G, t ∈ [0, L]}. (3)

Since f is of the form (2), and the solution of (1) can

be represented [5, p. 436] as

u(t) =

∫ t

0

T (t− τ)f(τ)dτ, (4)

the samples in (3) become

〈u(t), g〉 =
∑
ti≤t

〈T (t− ti)fi, g〉, g ∈ G.

In our recent papers (see, e.g., [1], [2], [3], [4]

and the references therein) we considered the problem

of recovering a vector f ∈ H from the samples

{〈Anf, g〉 : g ∈ G, n = 0, 1, . . . , L}. We wish

to utilize some of those ideas for Problem 2.1, thus

putting it into the general framework of dynamical

sampling.

III. RESULTS

The difficulty of solving Problem 2.1 can be illus-

trated as follows.

Example 3.1: It may happen, that one cannot deter-

mine a source term of the form (2) uniquely. Let T

be the semigroup of translations acting on L2(R), i.e.

[T (t)f ](s) = f(s−t). Let h1 = χ[0,1], h2 = χ[2,3] and

V = span{h1, h2}. Let g = χ[1,2] + 2χ[3,4] be a single

measurement function. We see that distinct elements of

V , f = (h1 − 1/2h2)δ(t) and f̃ = h2δ(t − 2), result

in the same samples over any interval.

In order to understand this problem, we introduce the

notion of a sensing limit of a system G with respect to

the semigroup T .

Given a subspace V of a Hilbert space H, let PV
be the orthogonal projection onto V . From the theory

of frames, we have that the system {PV T ∗(t)g : g ∈
G, t ∈ [0, α]} is a (semicontinuous) frame for V if

there exist 0 < A ≤ B <∞ such that

A‖f‖2 ≤
∑
g∈G

∫ α

0

|〈f, PV T ∗(t)g〉|2dt ≤ B‖f‖2

for all f ∈ V . We can thereby define the sensing limit

` as follows:

` = `V (G, T ) = inf{α > 0 :

{PV T ∗(t)g : g ∈ G, t ∈ [0, α]} is a frame for V }.

We call the system G immediately sensing if ` = 0.

One can verify that in Example 3.1 we have

`V (G, T ) = 2.

Our first result for the recovery of f can now be

stated as follows.

Theorem 3.1: Assume that the numbers {ti}Ni=1 ⊂
[0, L) with 0 = t1 < t2 < . . . < tN < tN+1 = L are

known, and the sensing limit of G with respect to T

satisfies

`V (G, T ) < min{ti+1 − ti : i = 1, . . . , N}.

Then f in (2) can be stably recovered from (3).

In the case when the values of ti are unknown, the

problem can be solved under more stringent conditions

on `.

Theorem 3.2: Assume that `V (G, T ) = 0. Then N ∈
N, {ti}Ni=1 ⊂ [0, L) with 0 = t0 < t1 < . . . < tN < L

and f in (2) can all be stably recovered from (3).

Theorems 3.1 and 3.2 motivated us to study how

various conditions on T and G affect `. For example,

we have the following result.

Theorem 3.3: Assume that T is a uniformly continu-

ous semigroup and V is a finite dimensional subspace

of H. Then `V (G, T ) ∈ {0,∞}.
As an immediate consequence of Theorems 3.3 and

3.2, we get

Corollary 3.1: Let the following three assumptions

hold.

1. {ti}Ni=1 ⊂ [0, L) with 0 = t1 < t2 < . . . < tN <

tN+1 = L and {ti}Ni=1 are unknown.

2. The sensing limit is finite, i.e., there exists a

positive number α such that {PV T ∗(t)g : g ∈
G, t ∈ [0, α]} is a frame for V .

3. T is a uniformly continuous semigroup and V is

a finite dimensional subspace of H.

Then f in (2) can be stably recovered from (3).

IV. CONCLUDING REMARKS

Our results suggest that many of the questions that

are relevant for the dynamical sampling problem of

burst-like sources can be answered once the behavior

of the sensing limit is well understood. For exam-

ple, finding weak sufficient conditions under which

`V (G, T ) = 0 or is finite would be an important step.
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AND A. PETROSYAN, Iterative actions of normal operators, J.
Funct. Anal., 272 (2017), pp. 1121–1146.

[2] A. ALDROUBI, J. DAVIS, AND I. KRISHTAL, Dynamical sam-
pling: time-space trade-off, Appl. Comput. Harmon. Anal., 34
(2013), pp. 495–503.

[3] A. ALDROUBI, J. DAVIS, AND I. KRISHTAL, Exact reconstruc-
tion of signals in evolutionary systems via spatiotemporal trade-
off, Journal of Fourier Analysis and Applications, 21 (2015),
pp. 11–31.

[4] A. ALDROUBI, L. HUANG, I. KRISHTAL, A. LEDECZI, R. R.
LEDERMAN, AND P. VOLGYESI, Dynamical sampling with
additive random noise, Sampl. Theory Signal Image Process.,
17 (2018), pp. 153–182.

[5] K.-J. ENGEL AND R. NAGEL, One-parameter semigroups for
linear evolution equations, vol. 194 of Graduate Texts in Math-
ematics, Springer-Verlag, New York, 2000. With contributions
by S. Brendle, M. Campiti, T. Hahn, G. Metafune, G. Nickel,
D. Pallara, C. Perazzoli, A. Rhandi, S. Romanelli and R.
Schnaubelt.

[6] J. MURRAY-BRUCE AND P. L. DRAGOTTI, Estimating localized
sources of diffusion fields using spatiotemporal sensor mea-
surements, IEEE Transactions on Signal Processing, 63 (2015),
pp. 3018–3031.

[7] , A sampling framework for solving physics-driven in-
verse source problems, IEEE Transactions on Signal Processing,
65 (2017), pp. 6365–6380.


